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STABILITY CONDITIONS ON THREEFOLDS WITH VANISHING
CHERN CLASSES
HAO SUN
Abstract. We prove the Bogomolov-Gieseker type inequality conjectured by
Bayer, Macr`ı and Toda for threefolds with semistable tangent bundles and
vanishing Chern classes in any characteristic, which was originally proved by
Bayer, Macr`ı and Stellari in characteristic zero. This gives the existence of
Bridgeland stability conditions on such threefolds. As applications, we obtain
Reider type theorem and confirm Fujita’s conjecture for such threefolds in any
characteristic.
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1. Introduction
Since Bridgeland’s introduction in [7], stability conditions for triangulated cate-
gories have drawn a lot of attentions, and have been investigated intensively. The
existence of stability conditions on three-dimensional varieties is often considered
the biggest open problem in the theory of Bridgeland stability conditions.
In [4], Bayer, Macr`ı and Toda introduced a conjectural construction of Bridge-
land stability conditions for any projective threefold. Here the problem was reduced
to proving a Bogomolov-Gieseker type inequality for the third Chern character of
tilt-stable objects. It has been shown to hold for some Fano 3-folds [24, 27, 18, 6, 26],
abelian 3-folds [22, 23, 3], e´tale quotients of abelian 3-folds [3], toric threefolds
[6], product threefolds of projective spaces and abelian varieties [12] and quintic
threefolds [19]. However, counterexamples of the original Bogomolov-Gieseker type
inequality are found (see [28]). The modification of the original inequality for any
Fano threefolds is proved in [6, 26], and it still implies the existence of stability
conditions on such threefolds. Recently, Yucheng Liu [20] showed the existence
of stability conditions on product varieties. His method is different from that of
Bayer-Macr`ı-Toda.
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In this paper, we prove the original Bogomolov-Gieseker type inequality for three-
folds with semistable tangent bundles and vanishing Chern classes in any character-
istic. This gives the existence of Bridgeland stability conditions on such threefolds.
Theorem 1.1. Let X be a smooth projective threefold defined over an algebraically
closed field k, and let H be an ample divisor on X. Assume that KX ∼num 0,
Hc2(X) = 0 and TX is µH-semistable. Then for any να,β-stable object E with
να,β(E) = 0, we have
chβ3 (E) ≤
α2
6
H2 chβ1 (E).
By [29, Theorem 2] and [16, Theorem 4.1], one sees that all the Chern classes of
X are vanishing under the assumptions in Theorem 1.1. In characteristic zero, a
well known consequence of Yau’s proof of Calabi’s conjecture shows that X has a
finite e´tale cover by an abelian variety if and only if KX ∼num 0 and Hc2(X) = 0.
And in this case, the semistability assumption of TX is automatically satisfied. Thus
if char(k) = 0, Theorem 1.1 is a consequence of [3, Theorem 1.1] which showed the
same inequality for abelian threefolds.
In positive characteristic not much is known about the characterizing projective
varieties with vanishing Chern classes. And there are threefolds with vanishing
Chern classes which do not have a finite e´tale cover by an abelian variety (see, e.g.,
[15, Section 7.3]). Hence in some sense, Theorem 1.1 is new in positive charac-
teristic. The semistable assumption of TX in the theorem guarantees the classical
Bogomolov-Gieseker inequality to be satisfied on X , so that the να,β-stability is
well defined.
The strategy of the proof is the following. In the case of char(k) = p > 0 we
compute the Euler characteristic χ(OX , (Fn)∗E) of the pullback of E by the n-
th iteration of the Frobenius morphism. By the Riemann-Roch theorem, one sees
that χ(OX , (Fn)∗E) is a polynomial of degree 3n with respect to p and its leading
coefficient is ch3(E). On the other hand, using the tilt-stability of the Frobenius
pushforward of some locally free sheaves (see Proposition 3.3), we can show that
exti(OX , (Fn)∗E) = O(p2n), for even i.Taking n → +∞, we obtain an inequality
for the third Chern characters of E. The characteristic zero case follows from the
standard spreading out technique.
Applications. Theorem 1.1 and [5, Theorem 4.1] give the following Reider type
theorem:
Corollary 1.2. Under the situation of Theorem 1.1, fix a non-negative integer α.
Let L be an ample divisor on X satisfying
(1) L3 > 49α;
(2) L2D ≥ 7α for every integral divisor class D with L2D > 0 and LD2 < α;
(3) LC ≥ 3α for any curve C ⊂ X.
Then H1(X, IZ(KX+L)) = 0 for any zero-dimensional subscheme Z ⊂ X of length
α. In particular, Kodaira’s vanishing theorem H1(X,OX(KX +M)) = 0 holds for
any ample divisor M on X.
Remark 1.3. Theorem 4.1 in [5] was only showed when α > 0, but the same proof
works for α = 0.
Setting α = 1 or α = 2, we confirm Fujita’s conjecture for such X in any
characteristic.
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Corollary 1.4. Under the situation of Theorem 1.1, let L be an ample divisor on
X. Then
(1) OX(KX +mL) is globally generated for m ≥ 4.
(2) OX(KX +mL) is very ample for m ≥ 5.
Corollary 1.5. Under the situation of Theorem 1.1, let c be the minimum positive
value of H2D for integral divisor D. If Q is a µH-stable sheaf with H
2c1(Q) = c,
then
3c ch3(Q) ≤ 2(H ch2(Q))2.
We refer to [3, Example 4.4] for a proof and more discussion.
In [15], Langer proved that for a non-uniruled threefold X with KX ∼num 0, the
tangent bundle of X is strongly µH -semistable for every ample divisor H . Hence
Theorem 1.1, Corollary 1.2, Corollary 1.4 and Corollary 1.5 hold for a non-uniruled
threefold X with KX ∼num 0 and Hc2(X) = 0.
Organization of the paper. Our paper is organized as follows. In Section 2, we
review basic notions and properties of some classical stabilities for coherent sheaves,
tilt-stability, the conjectural inequality proposed in [4, 3]. Then in Section 3, we
show the tilt-stability of the Frobenius pushforward of some locally free sheaves
(see Proposition 3.3). Theorem 1.1 will be proved in Section 4.
Notation. Let X be a smooth projective variety defined over an algebraically
closed field k of arbitrary characteristic. We denote by TX and Ω
1
X the tangent
bundle and cotangent bundle of X , respectively. KX and ωX denote the canonical
divisor and canonical sheaf of X , respectively. We write ci(X) := ci(TX) for the
i-th Chern class of X , and say X has vanishing Chern classes if all the ci(X)’s are
numerically equivalent to zero. Numerical equivalence of two divisors D1, D2 on X
is denoted by D1 ∼num D2. For a triangulated category D, we write K(D) for the
Grothendieck group of D.
Let π : X → S be a flat morphism of Noetherian schemes and s ∈ S be a point.
We denote by Xs = X ×S Spec k(s) the fibre of π over s, where k(s) is residue field
of s. We write Xs¯ = X ×S Spec k(s) for the geometric fibre of π over s, here k(s) is
the algebraic closure of k(s). We denote by Db(X ) the bounded derived category of
coherent sheaves on X . Given E ∈ Db(X ), we write Es (resp., Es¯) for the pullback
to the field k(s) (resp., k(s)).
We write Hj(E) (j ∈ Z) for the cohomology sheaves of a complex E ∈ Db(X).
We also write Hj(F ) (j ∈ Z≥0) for the cohomology groups of a sheaf F ∈ Coh(X).
Given a complex number z ∈ C, we denote its real and imaginary part by ℜz and
ℑz, respectively. For a real number d, we denote by ⌈d⌉ the small least integer ≥ d.
Convention. Let X be a smooth projective variety defined over an algebraically
closed field k of characteristic p > 0. LetX(1) = X×SpeckSpec k, where the product
is taken over the absolute Frobenius morphism on Spec k. Then the factorization
of the absolute Frobenius morphism F : X → X gives the geometric Frobenius
morphism Fg : X → X(1).
The variety X(1) is not isomorphic to X as a k-variety, but X(1) is isomorphic
X as a scheme since F : Spec k → Spec k is an isomorphism. Hence any geometric
statement on the objects in Db(X) is equivalent to the corresponding statement on
the objects in Db(X(1)). For this reason, we shall abuse notation and not distinguish
between X and X(1).
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2. Preliminaries
Throughout this section, we let X be a smooth projective variety of dimension
n ≥ 2 defined over an algebraically closed field k of arbitrary characteristic and H
be a fixed ample divisor on X . We will review some basic notions of stability for
coherent sheaves, the weak Bridgeland stability conditions and Bogomolov-Gieseker
type inequalities.
2.1. Stability for sheaves. For any R-divisor D on X , we define the twisted
Chern character chD = e−D ch. More explicitly, we have
chD0 = ch0 = rk ch
D
2 = ch2−D ch1+D
2
2 ch0
chD1 = ch1−D ch0 chD3 = ch3−D ch2+D
2
2 ch1−D
3
6 ch0 .
The first important notion of stability for a sheaf is slope stability, also known
as Mumford stability. We define the slope µH,D of a coherent sheaf E ∈ Coh(X)
by
µH,D(E) =


+∞, if chD0 (E) = 0,
Hn−1 chD1 (E)
Hn chD0 (E)
, otherwise.
Definition 2.1. A coherent sheafE onX is µH,D-(semi)stable (or slope-(semi)stable)
if, for all non-zero subsheaves F →֒ E, we have
µH,D(F ) < (≤)µH,D(E/F ).
We say a µH,D-semistable sheaf E is strongly µH,D-semistable if either char k = 0
or char k > 0 and all the Frobenius pull backs of E are µH,D-semistable.
Note that µH,D only differs from µH := µH,0 by a constant, thus µH,D-stability
and µH -stability coincide. Harder-Narasimhan filtrations (HN-filtrations, for short)
with respect to µH,D-stability exist in Coh(X): given a non-zero sheaf E ∈ Coh(X),
there is a filtration
0 = E0 ⊂ E1 ⊂ · · · ⊂ Em = E
such that: Gi := Ei/Ei−1 is µH,D-semistable, and µH,D(G1) > · · · > µH,D(Gm).
We set µ+H,D(E) := µH,D(G1) and µ
−
H,D(E) := µH,D(Gm).
2.2. Weak Bridgeland stability conditions. The notion of “weak Bridgeland
stability condition” and its variant “very weak Bridgeland stability condition” have
been introduced in [33, Section 2] and [3, Definition 12.1], respectively. We will use
a slightly different notion in order to adapt our situation. The main difference is
the rotation of the half-plane in C.
Definition 2.2. A weak Bridgeland stability condition on X is a pair σ = (Z,A),
where whereA is the heart of a bounded t-structure on Db(X), and Z : K(Db(X))→
C is a group homomorphism (called central charge) such that
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• Z satisfies the following positivity property for any E ∈ A:
Z(E) ∈ {reipiφ : r ≥ 0, 0 < φ ≤ 1}.
• Every non-zero object in A has a Harder-Narasimhan filtration in A with
respect to νZ -stability, here the slope νZ of an object E ∈ A is defined by
νZ(E) =


+∞, if ℑZ(E) = 0,
−ℜZ(E)ℑZ(E) , otherwise.
Let α > 0 and β be two real numbers. We will construct a family of weak
Bridgeland stability conditions on X that depends on these two parameters. For
brevity, we write chβ for the twisted Chern character chβH .
There exists a torsion pair (TβH ,FβH) in Coh(X) defined as follows:
TβH = {E ∈ Coh(X) : µ−H(E) > β}
FβH = {E ∈ Coh(X) : µ+H(E) ≤ β}
Equivalently, TβH and FβH are the extension-closed subcategories of Coh(X) gen-
erated by µH,βH-stable sheaves of positive and non-positive slope, respectively.
Definition 2.3. We let CohβH(X) ⊂ Db(X) be the extension-closure
CohβH(X) = 〈TβH ,FβH [1]〉.
By the general theory of torsion pairs and tilting [9], CohβH(X) is the heart of
a bounded t-structure on Db(X); in particular, it is an abelian category. Consider
the following central charge
Zα,β(E) = H
n−2
(α2H2
2
chβ0 (E)− chβ2 (E) + iH chβ1 (E)
)
.
We think of it as the composition
Zα,β : K(D
b(X))
chH−−→ Q3 zα,β−−−→ C,
where the first map is given by
chH(E) = (H
n ch0(E), H
n−1 ch1(E), H
n−2 ch2(E)),
and the second map is defined by
zα,β(e0, e1, e2) =
1
2
(α2 − β2)e0 + βe1 − e2 + i(e1 − βe0).
Definition 2.4. We say (X,H) satisfies Bogomolov’s inequality, if
Hn−2∆(E) := Hn−2
(
ch21(E)− 2 ch0(E) ch2(E)
) ≥ 0
for any µH -semistable sheaf E on X .
Theorem 2.5. If (X,H) satisfies Bogomolov’s inequality, then for any (α, β) ∈
R>0 × R, σα,β = (Zα,β ,CohβH(X)) is a weak Bridgeland stability condition.
Proof. The required assertion is proved in [8, 1] for the surface case. For the
threefold case, the conclusion is showed in [4, 3]. But the proof in [3, Appendix 2]
still works for the general case. 
Corollary 2.6. Assume that either char(k) = 0 or TX is µH-semistable and
KX ∼num 0. Then for any (α, β) ∈ R>0 × R, σα,β = (Zα,β ,CohβH(X)) is a
weak Bridgeland stability condition.
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Proof. It is well known that Bogomolov’s inequality holds in characteristic zero (see
[11, Theorem 3.4.1]). In positive characteristic Langer [13] proved that the same
inequality holds for strongly µH -semistable sheaves. Mehta and Ramanathan [25]
showed that if X satisfies µ+H(Ω
1
X) ≤ 0, then all µH -semistable sheaves on X are
strongly µH -semistable. Thus Bogomolov’s inequality holds under our assumptions.

We now suppose the assumption in the above Corollary holds. We write να,β
for the slope function on CohβH(X) induced by Zα,β . Explicitly, for any E ∈
CohβH(X), one has
να,β(E) =


+∞, if Hn−1 chβ1 (E) = 0,
Hn−2 chβ2 (E)−
1
2α
2Hn chβ0 (E)
Hn−1 chβ1 (E)
, otherwise.
Corollary 2.6 gives the notion of tilt-stability:
Definition 2.7. An object E ∈ CohβH(X) is tilt-(semi)stable (or να,β-(semi)stable)
if, for all non-trivial subobjects F →֒ E, we have
να,β(F ) < (≤)να,β(E/F ).
For any E ∈ CohβH(X), the Harder-Narasimhan property gives a filtration in
CohβH(X)
0 = E0 ⊂ E1 ⊂ · · · ⊂ Em = E
such that: Fi := Ei/Ei−1 is να,β-semistable with να,β(F1) > · · · > να,β(Fm).
2.3. Bogomolov-Gieseker type inequality. We now recall the Bogomolov-Gieseker
type inequality for tilt-stable complexes proposed in [4, 3].
Definition 2.8. We define the generalized discriminant
∆
βH
H := (H
n−1 chβ1 )
2 − 2Hn chβ0 ·(Hn−2 chβ2 ).
A short calculation shows
∆
βH
H = (H
n−1 ch1)
2 − 2Hn ch0 ·(Hn−2 ch2) = ∆H .
Hence the generalized discriminant is independent of β.
Theorem 2.9. Under the assumption in Corollary 2.6, if E ∈ CohβH(X) is να,β-
semistable, then ∆H(E) ≥ 0.
Proof. This inequality was proved in [4, Theorem 7.3.1] and [3, Theorem 3.5] on
threefolds, but their proof works for the general case. 
Conjecture 2.10 ([4, Conjecture 1.3.1]). Assume that n = 3, char(k) = 0 and
E ∈ CohβH(X) is να,β-semistable with να,β(E) = 0. Then we have
(2.1) chβ3 (E) ≤
α2
6
H2 chβ1 (E).
Such an inequality provides a way to construct Bridgeland stability conditions
on threefolds. Recently, Schmidt [28] found a counterexample to Conjecture 2.10
when X is the blowup at a point of P3. Therefore, the inequality (2.1) needs some
modifications in general setting. See [26] and [6] for the recent progress.
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Definition 2.11. Assume that n = 3 and (X,H) satisfies the assumption in Corol-
lary 2.6. For any object E ∈ CohβH(X), we define
β(E) =


H2 ch1(E)−
√
∆H(E)
H3 ch0(E)
, if ch0(E) 6= 0,
H ch2(E)
H2 ch1(E)
, otherwise.
Moreover, we say that E is β-(semi)stable, if it is να,β-(semi)stable in an open
neighborhood of (0, β(E)) in (α, β)-plane.
Conjecture 2.10 can be reduced as follows:
Theorem 2.12 ([3, Theorem 5.4]). Assume that n = 3, char(k) = 0 and for any
β-stable object E ∈ CohβH(X) with β(E) ∈ [0, 1) and ch0(E) ≥ 0 the inequality
ch
β(E)
3 (E) ≤ 0
holds. Then Conjecture 2.10 holds.
3. Tilt-stability of Frobenius direct images
Throughout this section, we let k be an algebraically closed field of characteristic
p > 0 and X be a smooth projective variety of dimension n defined over k. We
fix an ample divisor H on X . Assume that KX ∼num 0, Hn−2c2(X) = 0 and TX
is µH -semistable. Let F : X → X be the absolute Frobenius morphism. We will
investigate the tilt-stability of F∗E for a locally free sheaf E on X .
Lemma 3.1. Let E be a locally free sheaf on X. Then we have
Hn−i chi(F∗E) = pn−iHn−i chi(E)
for i = 0, 1, 2 and ∆H(F∗E) = p2n−2∆H(E).
Proof. The similar computations have been done by the author in [31, Section 7].
We repeat them here for the reader’s convenience.
From the Grothendieck-Riemann-Roch theorem, it follows that
ch(F∗E) td(X) = F∗
(
ch(E) td(X)).
Since td(X) = 1 + 12c1 +
1
12 (c
2
1 + c2) + · · · , the above equation implies
ch0(F∗E) = pn ch0(E)
1
2
ch0(F∗E)c1 + ch1(F∗E) = pn−1(c1
2
+ c1(E))
c21 + c2
12
ch0(F∗E) + c1
2
ch1(F∗E) + ch2(F∗E) = pn−2(c
2
1 + c2
12
+
c1
2
c1(E) + ch2(E)).
By our assumptions on c1 and c2, a simple computation shows H
n−i chi(F∗E) =
pn−iHn−i chi(E) for i = 0, 1, 2. Hence ∆H(F∗E) = p2n−2∆H(E). 
Lemma 3.2. Let E be µH-semistale locally free sheaf on X. Then F∗E is µH-
semistable.
Proof. Xiaotao Sun [32] proved that the stability of F∗E depends on the stability
of Tl(Ω1X), 0 ≤ l ≤ n(p−1). On the other hand, by [25, Theorem 2.1] one sees that
under our assumptions Ω1X and E are strongly µH -semistable. So is E ⊗ Tl(Ω1X)
for any 0 ≤ l ≤ n(p − 1). From [32, Theorem 4.8], it follows that F∗E is µH -
semistable. 
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Proposition 3.3. Let m and l be two integers. Let L be a divisor on X and G be
a να,β-semistable object in an open neighborhood of (0, β0) in (α, β)-plane. Assume
that L ∼num mH, l > 0 and
lim
(α,β)→(0,β0)
να,β(G) = 0.
Then
(1) hom((F l)∗OX(L),G) = 0 if β0 < mpl .
(2) hom(G, (F l)∗OX(L)[1]) = 0 if β0 > mpl .
Proof. By Lemma 3.1 and 3.2, one sees that E := (F l)∗OX(L) is µH -semistable
with
(
Hn ch0(E), Hn−1 ch1(E), Hn−2 ch2(E)
)
= (plnHn, pl(n−1)mHn,
1
2
pl(n−2)m2Hn).
This implies µH(E) = p
l(n−1)mHn
plnHn
= m
pl
and ∆H(E) = 0. Consider its Jordan-Ho¨lder
filtration
0 = E0 ⊂ E1 ⊂ · · · ⊂ Es−1 ⊂ Es = E ,
and set Qi be the µH -stable sheaf Ei/Ei−1. It turns out that
µH(Qi) = µH(Es) = m
pl
,
for any i > 0. By Bogomolov’s inequality for strongly semistable sheaves, we deduce
that
0 =
∆H(Es)
Hn rk Es = µH(Es)H
n−1 ch1(Es)− 2Hn−2 ch2(Es)
= µH(Es)
s∑
i=1
Hn−1 ch1(Qi)− 2
s∑
i=1
Hn−2 ch2(Qi)
=
s∑
i=1
(
µH(Qi)Hn−1 ch1(Qi)− 2Hn−2 ch2(Qi)
)
=
s∑
i=1
∆H(Qi)
Hn rkQi ≥ 0,
It follows that
m
pl
=
Hn−1 ch1(Qi)
Hn ch0(Qi) =
2Hn−2 ch2(Qi)
Hn−1 ch1(Qi)
and
να,β(Qi) = m
2 − 2βmpl + (β2 − α2)p2l
2(plm− βp2l) =
(m− βpl)2 − α2p2l
2pl(m− βpl) .
So
lim
(α,β)→(0,β0)
να,β(Qi) = 1
2
(
m
pl
− β0).
On the other hand, by [3, Corollary 3.11] or [30, Theorem 1.3, 1.4] one sees that
Qi is να,β-stable for any α > 0, β < mpl and Qi[1] is να,β-stable for any α > 0,
β ≥ m
pl
. These imply that hom(Qi,G) = 0 if β0 < mpl and hom(G,Qi[1]) = 0 if
β0 >
m
pl
. The conclusion of the proposition follows from
hom((F l)∗OX(L),G) ≤
s∑
i=1
hom(Qi,G)
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and
hom(G, (F l)∗OX(L)[1]) ≤
s∑
i=1
hom(G,Qi[1]).

4. The proof of the main theorem
In this section, we will proof Theorem 1.1. By Theorem 2.12, this will be done,
if we can show the following:
Theorem 4.1. Under the situation of Theorem 1.1, let E ∈ CohβH(X) be a β-
stable object with β(E) ∈ [0, 1) and ch0(E) ≥ 0. Then we have chβ(E)3 (E) ≤ 0.
Since the statement of Theorem 4.1 is independent of scaling H , we will assume
throughout this section that H is very ample. In order to prove Theorem 4.1, we
use the standard spreading out technique and Frobenius morphism.
In the case of char(k) = 0, there is a subring R ⊂ k, finitely generated over Z,
and a scheme
π : X → S = SpecR
so that π is smooth, projective and X = X ×Rk. We also have an object E ∈ Db(X )
and a divisor H on X such that E = E ×R k and H = H ×R k. By the openness of
semistability, one sees that Xs satisfies the assumptions in Theorem 1.1 for a general
point s ∈ S. Since the semistability of sheaves is preserved by field extensions,
Bogomolov’s inequality holds for any µHs-semistable sheaves on the fiber of π over
a general point s ∈ S. From [2, Proposition 25.3], it follows that for a general
closed point s ∈ S, Es ∈ CohβHs(Xs) is β-stable. By [2, Theorem 12.17], the same
thing holds for the object Es¯ ∈ CohβHs¯(Xs¯). Therefore we may further assume that
char(k) = p > 0 and denote by F : X → X the absolute Frobenius morphism.
4.1. Proof of Theorem 4.1, integral case. Assume that β(E) = 0, i.e.,
H ch2(E) = 0 = KX ch2(E).
We want to show that ch3(E) ≤ 0.
We assume the contrary ch3(E) > 0, and so ch3(E) ≥ 1. Since H2 chβ(E)1 (E) =
H2 ch1(E) ≥ 0 and ch0(E) ≥ 0, by using the Riemann-Roch theorem we can
compute
χ
(OX , (Fn)∗E
)
= p3n ch3(E) +O(p
2n) ≥ p3n +O(p2n),
for any positive integer n. On the other hand, since E is a two term complex
concentrated in degree −1 and 0, one sees
χ
(OX , (Fn)∗E
) ≤ hom (OX , (Fn)∗E
)
+ ext2
(OX , (Fn)∗E
)
.
Our goal is to bound from above the right hand side of this inequality with a lower
order in pn.
Bound on hom(OX , (Fn)∗E)
We want to show
(4.1) hom(OX , (Fn)∗E) = O(p2n).
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By [3, Lemma 7.1], we have the exact triangle in Db(X)
(Fn)∗E ⊗OX(−H)→ (Fn)∗E → ((Fn)∗E)⊗OY ,
where Y is a general smooth surface in |H |. It follows that
hom(OX , (Fn)∗E) ≤ hom(OX , (Fn)∗E ⊗OX(−H)) + hom(OX , ((Fn)∗E)⊗OY ).
By Serre duality and adjointness between (Fn)∗ and (Fn)∗, one obtains
hom(OX , (Fn)∗E ⊗OX(−H)) = hom((Fn)∗OX(H +KX), E ⊗ ωX).
Since KX ∼num 0, Proposition 3.3 gives hom((Fn)∗OX(H + KX), E ⊗ ωX) = 0.
Thus we have
hom(OX , (Fn)∗E) ≤ hom(OX , ((Fn)∗E)⊗OY ).
We then consider the cohomology sheaves of E and the exact triangle in Db(X)
H−1(E)[1]→ E → H0(E).
Since Y is general, [3, Lemma 7.1] gives
hom(OX , ((Fn)∗E)⊗OY ) ≤ h0
( (
(Fn)∗H0(E)) |Y
)
+ h1
( (
(Fn)∗H−1(E)) |Y
)
.
The bound (4.1) will then follow from the following lemma.
Lemma 4.2. Let Q be a sheaf and L be a line bundles on X. Let Y be a general
smooth surface in the very ample linear system |bH |, where b is a positive integer.
Then for any 0 ≤ i ≤ 2, there are rational numbers ai (1 ≤ i ≤ 6) which are
independent of n and L such that
hi(Y, ((Fn)∗Q⊗L)|Y ) ≤ a1p2n + a2µH(L)pn + a3pn + a4µH(L)2 + a5µH(L) + a6.
Proof. We denoet by FY the absolute Frobenius morphism of Y and assume first
that Q is torsion free. Take a positive integer a such that TY (aH |Y ) is globally
generated. Since
(
(Fn)∗Q)|Y = (FnY )∗(Q|Y ), by [13, Corollary 2.5], one obtains
that
µ+H|Y
(
((Fn)∗Q)|Y
) ≤ pnµ+H|Y
(Q|Y
)
+
pn(rkQ− 1)
p− 1 abH
3
µ−H|Y
(
((Fn)∗Q)|Y
) ≥ pnµ−H|Y
(Q|Y
)− p
n(rkQ− 1)
p− 1 abH
3.
Hence
µ+ := µ+HY
(
((Fn)∗Q⊗L)|Y
) ≤ pnµ+H|Y
(Q|Y
)
+
pn(rkQ− 1)
p− 1 abH
3 + µH|Y (L|Y )
= pnµ+H|Y
(Q|Y
)
+
pn(rkQ− 1)
p− 1 abH
3 + µH(L)
From Langer’s estimation [14, Theorem 3.3], it follows that
h0(Y, ((Fn)∗Q⊗L)|Y )
≤


(rkQ)bH3
2
(
µ+ + f(rkQ) + 2
)(
µ+ + f(rkQ) + 1
)
, if µ+ ≥ 0
0, otherwise
≤ b1p2n + b2µH(L)pn + b3pn + b4µH(L)2 + b5µH(L) + b6,
where f(rkQ) = −1 +∑rkQi=1 1i and bi’s are independent of n and L.
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The h2-estimate follows similarly, by using Serre Duality. For h1, the Riemann-
Roch theorem gives
h1(Y, ((Fn)∗Q⊗L)|Y ) = h0(Y, ((Fn)∗Q⊗L)|Y ) + h2(Y, ((Fn)∗Q⊗L)|Y )
−χ(Y, ((Fn)∗Q⊗L)|Y ).
It follows that the upper bound of h1 has the same form as that of h0. This finishes
the proof in the torsion-free case. The proof for a general sheaf Q is the same as
that of [3, Lemma 7.3]. 
Bound on ext2
(OX , (Fn)∗E
)
This is similar to the previous case. We consider the exact triangle
(Fn)∗E → ((Fn)∗E)⊗OX(H)→ ((Fn)∗E)⊗OY (H).
By Proposition 3.3, Serre duality and the adjointness, one obtains
ext2
(OX , ((Fn)∗E)⊗OX(H)
)
= ext1
(
(Fn)∗E,ωX(−H)
)
= ext1
(
E, (Fn)∗(ωX(−H))
)
= hom
(
E, (Fn)∗(ωX(−H))[1]
)
= 0.
Thus Lemma 4.2 gives
ext2
(OX , (Fn)∗E
) ≤ ext1 (OX , ((Fn)∗E)⊗OY (H)
)
≤ h1((Fn)∗H0(E) ⊗OY (H)
)
+h2
(
(Fn)∗H−1(E)⊗OY (H)
)
= O(p2n).
In conclusion, we have
p3n +O(p2n) ≤ χ(OX , (Fn)∗E
) ≤ O(p2n),
which gives the required contradiction for n sufficiently large.
4.2. Proof of Theorem 4.1, rational case. We assume that β(E) ∈ Q \ Z and
write β(E) = vpru with p and u coprime and p
ru > v > 0. By Euler’s theorem, we
have
pnϕ(u) ≡ 1 mod u
for any positive integer n, where ϕ(u) is Euler’s totient function. This implies that
cn :=
pnϕ(u)−1
u is an integer and
(4.2)
cnv
pnϕ(u)+r
= (1− 1
pnϕ(u)
)β(E).
Set an = nϕ(u) + r. By using the Riemann-Roch theorem we can compute
χ
(OX , (F an)∗E ⊗OX(−cnvH)
)
= ch3
(
(F an)∗E ⊗OX(−cnvH))
)
+O(p2an)
= p3an
(
ch
cnv/p
an
3 (E)
)
+O(p2an).
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From (4.2), one obtains that
ch
cnv/p
an
3 (E) = ch
(1− 1
pnϕ(u)
)β(E)
3 (E)
= ch
β(E)
3 (E) + (
β(E)
pnϕ(u)
)2
H2 ch
β(E)
1 (E)
2
+ (
β(E)
pnϕ(u)
)3
H3 ch
β(E)
0 (E)
6
.
Hence we deduce that
χ
(OX , (F an)∗E ⊗OX(−cnvH)
)
= p3an
(
ch
cnv/p
an
3 (E)
)
+O(p2an)
= p3an
(
ch
β(E)
3 (E)
)
+O(p2an).
and
χ
(OX , (F an)∗E ⊗OX(−cnvH)
) ≤ hom (OX , (F an)∗E ⊗OX(−cnvH)
)
+ext2
(OX , (F an)∗E ⊗OX(−cnvH)
)
.
Since
cnv + p
r
pan
= β(E) + (1− β(E)) 1
pnϕ(u)
> β(E),
from Proposition 3.3, it follows that
hom
(OX , (F an)∗E ⊗OX(−cnvH − prH)
)
= hom
(
(F an)∗OX(KX + cnvH + prH), E ⊗ ωX
)
= 0
and
ext2
(OX , (F an)∗E ⊗OX(−cnvH)
)
= ext1
(
E, (F an)∗OX(KX + cnvH)
)
= 0
Similar to the proof of (4.1), one obtains
hom
(OX , (F an)∗E ⊗OX(−cnvH)
) ≤ hom (OX , (F an)∗E ⊗OX(−cnvH − prH)
)
+hom
(OX , (F an)∗E ⊗OZ(−cnvH)
)
= hom
(OX , (F an)∗E ⊗OZ(−cnvH)
)
≤ h0((F an)∗H0(E) ⊗OZ(−cnvH)
)
+h1
(
(F an)∗H−1(E)⊗OZ(−cnvH)
)
= O(p2an),
where Z is a general smooth surface in |prH |.
In conclusion, we have
p3an chβ3 (E) +O(p
2an) ≤ χ(OX , (F an)∗E ⊗OX(−cnvH)
) ≤ O(p2an).
This gives chβ3 (E) ≤ 0 by taking n→ +∞.
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4.3. Proof of Theorem 4.1, irrational case. We now assume that β(E) ∈ R\Q.
By assumption, there exists 0 < ε < β(E) such that E is να,β-stable for all (α, β)
in
Vε := {(α, β) ∈ R>0 × R : 0 < α < ε, β(E)− ε < β < β(E) + ε}.
By the Dirichlet approximation theorem, there exists a sequence {βn = vnprnun }n∈N
of rational numbers with un > 0, vn > 0, rn ≥ 0, un and p coprime and prnun →
+∞ as n→ +∞ such that
∣∣∣β(E)− vn
prnun
∣∣∣ < 1
p2rnu2n
< ε
for all n. As in the rational case, by Euler’s theorem, for any m ≥ 1,
cmn :=
pmϕ(un) − 1
un
is a positive integer. It turns out that
(1− 1
pmϕ(un)
)(β(E)− 1
p2rnu2n
) <
cmnvn
pmϕ(un)+rn
= (1− 1
pmϕ(un)
)βn(4.3)
< (1− 1
pmϕ(un)
)(β(E) +
1
p2rnu2n
).
Let amn := mϕ(un) + rn and Qmn := (F
amn)∗E ⊗OX(−cmnvnH). We compute,
for m≫ 0,
χ
(OX , Qmn
)
(4.4)
= ch3((F
amn)∗E ⊗OX(−cmnvnH)) +O(p2amn)
= p3amn ch
cmnvn/p
amn
3 (E) +O(p
2amn)
= p3amn
(
chβn3 (E) +
βn
pmϕ(un)
H chβn2 (E)
+(
βn
pmϕ(un)
)2
H2 chβn1 (E)
2
+ (
βn
pmϕ(un)
)3
H3 chβn0 (E)
6
)
+O(p2amn)
≥ p3amn chβn3 (E) +O(p2amn)
≥ p3amn chβ(E)3 (E) +O(p2amn).
The last inequality follows since, by definition, chβ3 (E) has a local minimum at
β = β(E). As in the previous case, we want to bound
χ
(OX , Qmn
) ≤ hom (OX , Qmn
)
+ ext2
(OX , Qmn
)
(4.5)
for m≫ 0 and n≫ 0.
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We let l0 = ⌈p
mϕ(un)−1
prnu2n
+ prnβ(E)⌉ and l1 = ⌈p
mϕ(un)−1
prnu2n
− prnβ(E)⌉. Then by
(4.3) one has
cmnvn + l0
pamn
> (1− 1
pmϕ(un)
)(β(E) − 1
p2rnu2n
) +
l0
pamn
= β(E)− 1
p2rnu2n
− β(E)
pmϕ(un)
+
1
pmϕ(un)+2rnu2n
+
l0
pamn
= β(E) +
1
pamn
(
l0 − p
mϕ(un) − 1
prnu2n
− prnβ(E)
)
> β(E)
and
cmnvn − l1
pamn
< (1− 1
pmϕ(un)
)(β(E) +
1
p2rnu2n
)− l1
pamn
= β(E) +
1
p2rnu2n
− β(E)
pmϕ(un)
− 1
pmϕ(un)+2rnu2n
− l1
pamn
= β(E)− 1
pamn
(
l1 − p
mϕ(un) − 1
prnu2n
+ prnβ(E)
)
< β(E)
Thus Proposition 3.3 gives
hom(OX , Qmn(−l0H))(4.6)
= hom
(
OX , (F amn)∗E ⊗OX(−cmnvnH − l0H)
)
= hom
(
(F amn)∗OX(KX + cmnvnH + l0H), E ⊗ ωX
)
= 0
and
ext2(OX , Qmn(l1H))(4.7)
= ext2
(
OX , (F amn)∗E ⊗OX(−cmnvnH + l1H)
)
= hom
(
E, (F amn)∗OX(KX + cmnvnH − l1H)[1]
)
= 0
Consider the exact triangle in Db(Xnk)
Qmn(−(j + 1)H)→ Qmn(−jH)→ Qmn(−jH)⊗OY ,
where 0 ≤ j ≤ l0 − 1 and Y is a general smooth surface in |H |. From (4.6), it
follows that
hom
(OX , Qmn
)
≤ hom (OX , Qmn(−l0H)
)
+
l0−1∑
j=0
hom
(OX , Qmn(−jH)⊗OY
)
=
l0−1∑
j=0
hom
(OX , Qmn(−jH)⊗OY
)
.
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On the other hand, by Lemma 4.2 and the definition of cmn, one sees for m≫ 0,
l0−1∑
j=0
hom
(OX , Qmn(−jH)⊗OY
)
≤
l0−1∑
j=0
(
b1p
2amn + (b2p
amn + b3)(cmnvn + j) + b4p
amn + b5(cmnvn + j)
2 + b6
)
=
l0−1∑
j=0
(
b1p
2amn + b2(cmnvn + j)p
amn + b5(cmnvn + j)
2
)
+O(p2amn)
= l0(b1p
2amn + b2cmnvnp
amn + b5c
2
mnv
2
n) +
l0(l0 − 1)
2
(b2p
amn + 2b5cmnvn)
+
b5
6
l0(l0 − 1)(2l0 − 1) +O(p2amn)
=
pamn
p2rnu2n
(b1p
2amn + b2βnp
2amn + b5β
2
np
2amn) +
p2amn
2p4rnu4n
(b2p
amn + 2b5βnp
amn)
+
b5
3
p3amn
p6rnu6n
+O(p2amn)
≤
( d1
p2rnu2n
+
d2
p4rnu4n
+
d3
p6rnu6n
)
p3amn +O(p2amn),
where bi’s and dj ’s are independent of m and n. Therefore for m≫ 0 we have
(4.8) hom
(OX , Qmn
) ≤
( d1
p2rnu2n
+
d2
p4rnu4n
+
d3
p6rnu6n
)
p3amn +O(p2amn).
To bound ext2
(OX , Qmn
)
, as before, we consider the exact triangle in Db(X)
Qmn((j − 1)H)→ Qmn(jH)→ Qmn(jH)⊗OY ,
where 1 ≤ j ≤ l1. From (4.7), it follows that
ext2(OX , Qmn) ≤ ext2(OX , Qmn(l1H)) +
l1∑
j=1
ext1(OX , Qmn(jH)⊗OY )
=
l1∑
j=1
ext1(OX , Qmn(jH)⊗OY ).
As the same proof of (4.8), for m≫ 0 one obtains,
(4.9) ext2(OX , Qmn) ≤
( e1
p2rnu2n
+
e2
p4rnu4n
+
e3
p6rnu6n
)
p3amn +O(p2amn),
where the constants ei’s are independent of m and n.
In conclusion, by (4.4), (4.5), (4.8) and (4.9), we obtain, for m≫ 0,
(d1 + e1
p2rnu2n
+
d2 + e2
p4rnu4n
+
d3 + e3
p6rnu6n
)
p3amn +O(p2amn)
≥ χ(OX , Qmn
)
≥ p3amn chβ(E)3 (E) +O(p2amn).
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This implies
ch
β(E)
3 (E) ≤
d1 + e1
p2rnu2n
+
d2 + e2
p4rnu4n
+
d3 + e3
p6rnu6n
.
Taking n → +∞, we conclude that chβ(E)3 (E) ≤ 0. This completes the proof of
Theorem 4.1.
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